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Fixed point result for rational
type ¢—Geraghty contraction

OZLEM ACAR

ABSTRACT. In this paper, we introduce the notions of rational type
Geraghty contractions. Using this type of contraction, we investigate
under which conditions such mappings posses a unique fixed point in
the framework of complete metric spaces.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory on a metric space is started by Banach in 1922. Ba-
nach’s Contraction Principle says that, whenever (M, o) is complete, then
any contraction selfmap of M has a unique fixed point. Afterwards, the
crucial role of the principle in existence and uniqueness problems arising in
mathematics has been realized which fact directed the researchers to extend
and generalize the principle in many ways, see e.g. [1,2,4-7,9,10]. No
doubtly, one of those is given by Geraghty [8] such that:

Let S be the family of all functions /3 : [0,00) — [0, 1) which satisfies the
condition

lim f(t,) =1= lim ¢, =0.

n—oo n—oo
Theorem 1. Let (M,o) be a complete metric space and T : M — M be a
mapping. Suppose that there exists § € S such that

o(Ta,Tb) < B((o(a,b))o(a,b),
foralla,b € M. Then T has a unique fixed point z € M. Moreover, for any

initial point ag € M, the iterative sequence {T"ap}o> | converges to z.

Recently, in [3] the authors proved the following fixed point theorems that
were inspired from the well-known results of Suzuki [10].

Definition 1 ([3]). Suppose that ¢ : [0,00) — [0,00) is a function and
g € S. A self mapping T' on a complete metric space (M,o) is called
p—Geraghty contraction if it satisfies the following conditions:
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(p1) @(t) < t, for all t € (0,00).
(p2) For any e > 0, there exists a 6 > 0 such that

€ <t < e+ implies p(t) <e.
(¢3) 0(Ta, Tb) < B((o(a,b))(¢oo(a,b)), for all a,b € M.

Theorem 2 ([3]). Let (M, o) be a complete metric space. If a self mapping
T: M — M forms a o— Geraghty contraction, then T has a unique fized
point z € M. Moreover, {T™a} converges to z for all a € M.

Let S’ be the family of all functions 3 : [0,00) — [0, 1) which satisfies the
condition
limsupf(t,) =1 = lim ¢, =0.
n—o0

n—oo

Definition 2 ([3]). Suppose that ¢ : [0,00) — [0,00) is a function and
B e S’ A self mapping T on a complete metric space (M, o) is called Ciri¢
type ¢—Geraghty contraction if it satisfies the following conditions:

(p0) ¢ is upper semicontinuous.

(p1) @(t) < t, for all t € (0,00).

(p2) For any e > 0, there exists a 6 > 0 such that

€ <t<e+0implies p(t) <e.
(3) 0(Ta, Tb) < B(L(a,b)(p o L(a, b)), where
a,Tb) + o(b,Ta)
2

Theorem 3 ([3|). Let (M, o) be a complete metric space. If a self mapping
T : M — M forms a p—Geraghty contraction, then T' has a fixed point
z € M. Moreover, {T™a} converges to z for all a € M.

L(a,b) = max{o(a, b), 2 ,o(a, Ta), o (b, Th)}.

Remark 1 ([3]). By (¢1) it is easy tho see that 9 is equivalent to following:
(¢5) For any € > 0 there exists § > 0 such that ¢ < e + § implies p(t) < €.
Indeed, if 0 <t <e, from (1) we have p(t) <t <e.

In this paper, we introduce rational type Geraghty contraction and prove
some results for this type contraction.

2. MAIN RESULT

Let F’ be the family of all functions /3 : [0,00) — [0, 1) which satisfies the
condition
limsupf(t,) =1 = lim ¢, =0.
n—o00 n—oo
Definition 3. Suppose that ¢ : [0,00) — [0,00) is a function and 5 € F’.
A self mapping T" on a complete metric space (M, o) is called rational type
p—Geraghty contraction if it satisfies the following conditions:

(¢o)  is upper semicontinuous.
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(p1) @(t) < tforall t € (0,00).
(p2) for any € > 0, there exists a § > 0 such that

e <t<e+dimplies p(t) <e
(#5) o(Ta,Tb) < (K (a,b)) (¢ (K(a,b))), where

K(a,b) = max {a(a, b), o(a, fa), o (b, fb), ”(‘i’ i “;E’a(bb)f ) : "ﬁf;a();;bfi)b) } .

Theorem 4. Let (M,o) be a complete metric space. If a self mapping
T: M — M forms a rational type p—Geraghty contraction, then T has a
fized point w € M. Moreover, {T"a} converges to w for all a € M.

Proof. Let ag € M. We define a sequence {a,} in M by ap+1 = Ta, =
T tag, for all n > 0. Suppose that o(an,an1) = 0 for some ng. In this
case, the proof is trivially completed. Consequently, we assume that

O'((In, an+1) 7& 07

for all n. Thus we have o(an,an+1) > 0. By (¢4), (¢1) and definition of
function 3, we have

U<an+17 an+2) = U(Tana Tan—H)

5 ( { U(aman—l-l)aa(amfan) (an+1:fan+1 }
max

U(anvfan)o—(an+1 ,fan+1) O'(fln)fan) (an+1 7fan+l
1+o(an,an+1) ’ 1+o(fan,fan+1)

O'(G,T“ an+1)7 U(ana fa/n) (an+17 fa’n+1
X | max o(an,fan)o(ant1,fant1) olan,fan)o(ant1,fant)

IN

1+U(an7an+1) ’ 1+U(fa’ﬂ7fan+1

0(ans ang1),0(an, @ny1), 0(Any1, ang2),
= [ | max

U(an:an+1)a(a7z+1 7an+2) U(anyan+1)0(an+1 ,an+2
1+o(an,an+1) ’ 1+o(an+1,an+2)

o (an,an+1)0(@n+1,an+2) 0(An,an4+1)0(an+1,an+2)
1+0o(an,an+1) ) 1+o(an+1,0n+2)

U(ana an—l—l)a U(ana an+1) (an—l-la an+2
X | max

)

IN

B (max {o(an, an+1), 0(ant1, ant2)})
X (max {o(an, ant1), 0(ant1, ani2)})

< @ (O’(Cl,n, a’rl+1>)
< U<aman+1>a

for all n > 0. Hence the non-negative real number sequence {o(an,ant1)}
is non-increasing. Consequently, this sequence convergence to some € > 0.
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We claim that e = 0. Firstly, we note ¢ < o(ap,an+1) for all n > 0.
Arguing by contradiction, we assume € > 0. Then by (¢}) from Remark 1,
there exists § > 0 such that

t<e+d implies ¢(t) <e.
On the other hand, for sufficiently large N € N we have

0<e<olany,ant1) < €+,
and, taking into account the property (¢5), we get

0 < e<o(any2,any3) <o(ani1,an+2)

= o(Tany,Tan41)

< B(K(an,an+1))(p(K(an,an+1)))
olan,ant1),0(an, fan),o(ant1, fanit),
< B | max oglan,fan)o(anyi,fany1) ol(an,fan)o(anii,fani1)
14+o(an,an+1) ’ I4+o(fan,fans1)
o(an,an+1),0(an, fan),o(an+1, fan41),
X | ¢ | max o(an,fan)olanii,fany1) olan,fan)o(anyi,fani1)
1+0'(aN,aN+1) ) 1+0'(faN7faN+l)
olan,any1),0(an,an+1),0(aN+1,AN42),
= | max olan,ant1)o(ant1,on+2) olan,anyi)o(anyi,any2)
1+o(an,an+1) ’ 1to(an+1,aN+2)
ClN,(LN+1) ((IN,G/N+1),U(CLN+1,CLN+2),
lnax olan,ant+1)o(anti,an+2) olan,ant1)o(an41,an+2)
14o(an,an+1) ’ 14+o(ant1,aN12)
< B(max{o(an,an+1),0(an+1;an+2)})
X (‘P (max {o(an,ani1,0(any1,an42)}))
< @ (max{o(an,ant1,0(ant1,an12)})

< U(G,N,CLN_H) <e,
a contradiction. Thus we have

(1) lim o(an,ant+1) =0.
n—oo

Now we show that {a,} is a Cauchy sequence. Let €; > 0 fixed. Then there
exists 01 > 0 which satisfies the following

(2) t < max{e; + 01,07} = o(t) < €.
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From (1) we can choose k € N large enough to satisfy o(ak, ag+1) < 01(€) <
61. We will show by induction that

(3) o(ay,apq1) < €1 + 01,

for all £k € N. We have already proved for £ = 1, so we suppose the condition
(3) is satisfied for some j € N. For [ = j + 1, we get

O'(Cbk, ak-l—j)v O'(Clk, fak)a U(ak+j7 fak+j)7

K(ak’akJrj) = max o(ag,fax)o(akyj,faryj) olak.far)o(aksj.farts)
1+o(ag,axt;) ’ 1+o(fag,farys)
O'((Ik, ak+j)7 O'((lk, ak+1)7 U(ak+j7 ak+j+1))
= MAX o(ap,ap11)0 (@ a5ri11) 0(ar,a+1)0(arty aksj+1)
140 (ak,an45) ’ 140 (akt1,001541)
< B 61,01,0%,0%
S Imax 1761+ 1,01,01,091

< max{el + 51,5%} .
Because, by (¢45) and (2) we obtain

o(ak, akrjr1) < o(ak, akg1) + o (Ahg1, Ghgjs1)
= ol(ag,ap41) + o(Tag, Tags;)
< o(ak, ak+1) + B((A(ak,; akv;)) (0 0 Mak, ak;))
< € +01.

Consequently, (3) holds for [ = j+1. Hence o(ag,ar+1) < € for all k € N
and [ < 1, which means lim,_ sup,,~, 0(@n,am) = 0. So the sequence
{an} is Cauchy. Since (M, o) is complete, there exists w € M such that
anp — w when n — oo.

Now, we will show that Tw = w. Suppose on the contrary, that there
exists 7 > 0 such that r = o(w,Tw) > 0. Note that due to the fact the
sequence {a, } is convergent to w, we can choose I € N such that o(w,a,) < §
for all n > 1. So, for n > [ we have

B { o(an, w),o(an, fa,),o(w, fw), }

o(an,fan)o(w,fw) o(an,fan)o(w,fw)
1+o‘(an,w) ’ 1+U(fan7fw)

%a O'((Ln, anJrl)a U(w7 fw)v
< max

K(ap,w)

a'(an7a,n+1 )cr(w,fw) U(anyan+1)0(w»fw)
I+o(an,w) °  14o(ant1,fw)

%7 O'(CLn, an+1); r,
max

IN

g(an’an+1)a(w,fw) U(an7an+1)a(w7fw)
1+o(an,w) » o 1+o(any1,fw)
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It yields that lim,,_,~ sup K (a,,w) = r. By the triangle inequality together
with (p3) we derive that

0 r=o(w,Tw) < o(w,ant1) + o(ant1, Tw)

<
< o(w,ant1) + B (K(an, w)) (¢ (K(an, w))) .

Letting n — oo in the previous inequality, together with (o) and (1) we
get

0 < r=o(w,Tw)

< lim suplow,aner) + 8 (K (@ 0) (¢ (K (@, w)
= nh_)Irolo sup B (K (ap,w)) nh—>Holo sup ¢ (K (ap,w))
< p(r)<r

Thus limy, o sup[8 (K (an,w))] = 1. Since S € F’, we have
lim sup K(a,,w) = 0.
n— o0

Accordingly, we have o(w,Tw) = r = 0, that is w is a fixed point of T'. As
a last step, we indicate that the limit point w of the iterative sequence {a, }
is unique. Suppose on the contrary, that v is another fixed point of T', with
w # v. It is clear that K(w,v) = o(w,v). Thus we have

0 < o(w,v)=0(Tw,Tv)
< B(E((w,v)) (¢ (K((w,v)))
< Blo(w,0)) (¢ (o(w,v)))
< o(w,v),
a contradiction. So fixed point of T" is unique. O

Corollary 1. Let (M,o) be a complete metric space. If a self mapping
T: M — M forms a o— Geraghty contraction such that

o(Ta,Th) < B (max{o(a,b),o(a,Ta),o(b,Th)}) (¢ (c(a,b))),

foralla,b € M, then T has a fized point w € M. Moreover, {T™a} converges
to w for all a € M.

Corollary 2. Let (M,o) be a complete metric space. If a self mapping
T: M — M forms a o— Geraghty contraction such that

o(Ta,Tb) < B(0(a,b)) (¢ (a(a,b))),

foralla,b € M, thenT has a fized point w € M. Moreover, {T™a} converges
to w for all a € M.



O. Acar 41

(1

2]
3l
(4]
]
[6]
7]
18]
(9

[10]

REFERENCES

O. Acar, V. Berinde, I. Altun, Fized point theorems for Cirié-type strong almost con-
tractions on partial metric spaces, Journal of Fixed Point Theory and Applications,
12 (2012), 247-259.

O. Acar, 1. Altun, A fized point theorem for ¥p— Geraghty contraction on metric like
space, Fasciculi Mathematici, 59 (2017), 5-12.

B. Algahtani, A. Fulga, E. Karapmar, On Ciri¢ Type o— Geraghty Contractions, Thai
Journal of Mathematics, 17 (1) (2019), 205-216.

E. Karapmar, A Short Survey on the Recent Fixed Point Results on b-Metric Spaces,
Constructive Mathematical Analysis, 1 (1) (2018), 15-44.

E. Karapinar, « - ©— Geraghty contraction type mappings and some related fixed point
results, Filomat, 28 (2014), 37-48.

E. Karapinar, On best prozimity point of psi-Geraghty contractions, Fixed Point The-
ory and Applications, 2013 (2013), Article number: 200, 9 pages.

E. Karapinar, A discussion on alpha-psi-Geraghty contraction type mappings, Filo-
mat, 28 (2014), 761-766.

M. Geraghty, On contractive mappings, Proceedings of the American Mathematical
Society, 40 (1973), 604-608.

A. Meir, E. Keeler, A theorem on contraction mappings, Journal of Mathematical
Analysis and Applications, 28 (1969), 326-329.

T. Suzuki, Fized point theorem for a kind of Cirié type contractions in complete
metric spaces, Advances in the Theory of Nonlinear Analysis and its Applications, 2
(1) (2018), 33-41.

OzLEM AcCAR

SELGUK UNIVERSITY

FAcuLTY OF SCIENCE

DEPARTMENT OF MATHEMATICS
42003, Konya

TURKEY

E-mail address: acarozlem@ymail.com



